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Next, we introduce some notation from the theory of two-dimensional Vilenkin system. Let *m̃* be a sequence like *m*. The relation between the sequences $\documentclass[12pt]{minimal}
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The dyadic total modulus of continuity is defined by $$\documentclass[12pt]{minimal}
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The convergence issue of Fejér (and Cesàro) means on the Walsh and Vilenkin groups for unbounded case were studied in \[[@CR3]--[@CR11]\].
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Theorem B {#FPar2}
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*Let* *f* *belong to* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{p} ( G_{2} ) $\end{document}$ *for some* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p \in [ 1,\infty ] $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \in ( 0,1 ) $\end{document}$. *Then*, *for any* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$2^{k}\leq n<2^{k+1}$\end{document}$ ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k, n\in N$\end{document}$), *we have the inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned} \bigl\Vert \sigma _{n}^{-\alpha } ( f ) -f \bigr\Vert _{p} &\leq c ( \alpha ) \Biggl\{ 2^{k\alpha }k\omega _{1} \bigl( f,1/2^{k-1} \bigr) _{p}+2^{k\alpha }k \omega _{2} \bigl( f,1/2^{k-1} \bigr) _{p} \\ &\quad {} {}+\sum_{r=0}^{k-2}2^{r-k} \omega _{1} \bigl( f,1/2^{r} \bigr) _{p}+\sum _{s=0}^{k-2}2^{s-k}\omega _{2} \bigl( f,1/2^{s} \bigr) _{p} \Biggr\} . \end{aligned} $$\end{document}$$

In this paper, we state and prove analogous results in the case of double Vilenkin--Fourier series. Our main results are the following theorems.

Theorem 1 {#FPar3}
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Theorem 2 {#FPar4}
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To make the proofs of these theorems clearer, we formulate some auxiliary lemmas in Sect. [2](#Sec2){ref-type="sec"}. Some of these lemmas are new and of independent interest. Detailed proofs can be found in Sect. [3](#Sec3){ref-type="sec"}.

Auxiliary lemmas {#Sec2}
================

To prove Theorems [1](#FPar3){ref-type="sec"} and [2](#FPar4){ref-type="sec"}, we need the following three lemmas (see \[[@CR1], [@CR12]\], and \[[@CR8]\], respectively)

Lemma 1 {#FPar5}
-------
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Lemma 2 {#FPar6}
-------

*Let* $\documentclass[12pt]{minimal}
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Lemma 3 {#FPar7}
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We also need the following new nemmas of independent interest.

Lemma 4 {#FPar8}
-------
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Lemma 5 {#FPar9}
-------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha \in ( 0,1 ) $\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p=M_{k},M_{k}+1,\ldots $\end{document}$ . *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathit{II}:= \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{M_{k}}A_{p-i} ^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d \mu (u,v)\leq c ( \alpha ) < \infty ,\quad k=1,2,\ldots . $$\end{document}$$

Lemma 6 {#FPar10}
-------
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The detailed proofs {#Sec3}
===================

Proof of Lemma [3](#FPar7){ref-type="sec"} {#FPar11}
------------------------------------------

Applying Abel's transformation, from ([2](#Equ2){ref-type=""}) we get $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] I_{2}&\leq \frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m} ^{2}}A_{n-M_{k-1}}^{-\alpha -1}\sum _{r=1}^{k-2}\sum_{i=M_{r}}^{M_{r+1}-1}D_{i} (u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \Biggr\Vert _{p}\,d\mu (u,v) \\ &\leq \frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}}A _{n-M_{k-1}}^{-\alpha -1}\sum _{r=1}^{k-2}\sum_{i=M_{r}} ^{M_{r+1}-1}D_{i} (u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\quad {}+\frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}}A_{n-M _{k-1}}^{-\alpha -1}\sum _{r=1}^{k-2}\sum_{i=M_{r}}^{M _{r+1}-1}D_{i} ( u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) -S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\quad {}+\frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}}A_{n-M _{k-1}}^{-\alpha -1}\sum _{r=1}^{k-2}\sum_{i=M_{r}}^{M _{r+1}-1}D_{i} ( u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p}\\ &:=I_{21}+I_{22}+I_{23}, \end{aligned} $$\end{document}$$ where the first, second, and third terms on the right side of inequality ([6](#Equ6){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$I_{21}$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$I_{22}$\end{document}$, and $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{23}$\end{document}$, respectively.

It is evident that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] & \int _{G_{m}^{2}}\sum_{i=M_{r}}^{M_{r+1}-1}D_{i} ( u ) D_{i} ( v ) \bigl[ S_{M_{r},M_{r}} ( \cdot -u, \cdot -v,f ) -S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) \bigr] \,d\mu (u,v) \\ &\quad =\sum_{i=M_{r}}^{M_{r+1}-1} \biggl( \int _{G_{m}^{2}}D_{i} ( u ) D_{i} ( v ) S_{M_{r},M_{r}} ( \cdot -u, \cdot -v,f ) \,d\mu (u,v)-S_{M_{r},M_{r}} ( \cdot , \cdot ,f ) \biggr) \\ &\quad =\sum_{i=M_{r}}^{M_{r+1}-1} \bigl( S_{i} \bigl( \cdot ,\cdot ,S _{M_{r},M_{r}} ( f ) \bigr) -S_{M_{r},M_{r}} ( \cdot , \cdot ,f ) \bigr) \\ &\quad =\sum_{i=M_{r}}^{M_{r+1}-1} \bigl( S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) -S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) \bigr) =0. \end{aligned} $$\end{document}$$

Hence $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ I_{22}=0. $$\end{document}$$

Moreover, by the generalized Minkowski inequality, Lemma [2](#FPar6){ref-type="sec"}, and by ([1](#Equ1){ref-type=""}) and ([4](#Equ4){ref-type=""}) we obtain $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] I_{21}&\leq \frac{1}{A_{n}^{-\alpha }} \bigl\vert A_{n-M_{k-1}}^{- \alpha -1} \bigr\vert \sum _{r=1}^{k-2} \int _{G_{m}^{2}} \Biggl\vert \sum_{i=M_{r}}^{M_{r+1}-1}D_{i} ( u ) D _{i} ( v ) \Biggr\vert \\ &\quad {}\times \bigl\Vert f ( \cdot -u,\cdot -v ) -S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) \bigr\Vert _{p}\,d\mu (u,v) \\ &\leq \frac{c ( \alpha ) }{M_{k}}\sum_{r=1}^{k-2} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) \\ &\quad {}\times \int _{G_{m}^{2}} \Biggl\vert \sum_{i=M_{r}}^{M_{r+1}-1}D _{i} ( x ) D_{i} ( y ) \Biggr\vert \,d\mu (u,v) \\ &\leq c ( \alpha ) \sum_{r=1}^{k-2} \frac{M_{r}}{M_{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+ \omega _{2} ( f,1/M_{r} ) _{p} \bigr) . \end{aligned} $$\end{document}$$

The estimation of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{23}$\end{document}$ is analogous to that of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{21}$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ I_{23}\leq c ( \alpha ) \sum_{r=1}^{k-2} \frac{M_{r}}{M _{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) . $$\end{document}$$

Analogously, we can estimate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$I_{1}$\end{document}$ as follows: $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} I_{1}&\leq \frac{1}{A_{n}^{-\alpha }}\sum _{r=1}^{k-2} \Biggl\Vert \int _{G_{m}^{2}}\sum_{i=M_{r}}^{M_{r+1}-1}A_{n-i} ^{-\alpha -2}\sum_{l=1}^{i}D_{l} ( u ) D_{l} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\quad {}+\frac{1}{A_{n}^{-\alpha }}\sum_{r=1}^{k-2} \Biggl\Vert \int _{G_{m}^{2}}\sum_{i=M_{r}}^{M_{r+1}-1}A_{n-i}^{- \alpha -2} \sum_{l=1}^{i}D_{l} ( u ) D_{l} ( v ) \\ &\quad {}\times \bigl[ S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) -S_{M _{r},M_{r}} ( \cdot ,\cdot ,f ) \bigr] \Biggr\Vert _{p}\,d \mu (u,v) \\ &\quad {}+\frac{1}{A_{n}^{-\alpha }}\sum_{r=1}^{k-2} \Biggl\Vert \int _{G_{m}^{2}}\sum_{i=M_{r}}^{M_{r+1}-1}A_{n-i}^{- \alpha -2} \sum_{l=1}^{i}D_{l} ( u ) D_{l} ( v ) \\ &\quad {}\times \bigl[ S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\leq \frac{1}{A_{n}^{-\alpha }}\sum_{r=1}^{k-2} \int _{G_{m}^{2}} \Biggl\vert \sum_{i=M_{r}}^{M_{r+1}-1}A_{n-i} ^{-\alpha -2}\sum_{l=1}^{i}D_{l} ( u ) D_{l} ( v ) \Biggr\vert \\ &\quad {}\times \bigl\Vert f ( \cdot -u,\cdot -v ) -S_{M_{r},M_{r}} ( \cdot -u,\cdot -v,f ) \bigr\Vert _{p}\,d\mu (u,v) \\ &\quad {}+\frac{1}{A_{n}^{-\alpha }}\sum_{r=1}^{k-2} \int _{G_{m} ^{2}} \Biggl\vert \sum_{i=M_{r}}^{M_{r+1}-1}A_{n-i}^{-\alpha -2} \sum_{l=1}^{i}D_{l} ( u ) D_{l} ( v ) \Biggr\vert \\ &\quad {}\times \bigl\Vert S_{M_{r},M_{r}} ( \cdot ,\cdot ,f ) -f ( \cdot ,\cdot ) \bigr\Vert _{p} \,d\mu (u,v) \\ &\leq c ( \alpha ) M_{k}^{\alpha }\sum _{r=1}^{k-2} \sum_{i=M_{r}}^{M_{r+1}-1} ( n-i ) ^{-\alpha -2}i \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) \\ &\leq c ( \alpha ) M_{k}^{\alpha }\sum _{r=1}^{k-2} \sum_{i=M_{r}}^{M_{r+1}-1} ( n-M_{r+1}-1 ) ^{-\alpha -2}i \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) \\ &\leq c ( \alpha ) \sum_{r=0}^{k-2} \frac{M_{r}}{M_{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+ \omega _{2} ( f,1/M_{r} ) _{p} \bigr) . \end{aligned}$$ \end{document}$$

By combining ([7](#Equ7){ref-type=""})--([9](#Equ9){ref-type=""}) with ([10](#Equ10){ref-type=""}) for *I* we find that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ I\leq c ( \alpha ) \sum_{r=0}^{k-2} \frac{M_{r}}{M _{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) . $$\end{document}$$ The proof of Lemma [3](#FPar7){ref-type="sec"} is complete. □

Proof of Lemma [4](#FPar8){ref-type="sec"} {#FPar12}
------------------------------------------

It is evident that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{II}&\leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{M_{k}-1}A _{p-M_{k}+i}^{-\alpha -1}D_{M_{k}-i} ( u ) D_{M_{k}-i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \bigl\vert A_{p-M_{k}}^{-\alpha -1} \bigr\vert \int _{G_{m} ^{2}}D_{M_{k}} ( u ) D_{M_{k}} ( v ) \,d\mu (u,v)\\ &:=\mathit{II} _{1}+\mathit{II}_{2}, \end{aligned} $$\end{document}$$ where the first and second terms on the right side of inequality ([12](#Equ12){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{II}_{2}$\end{document}$, respectively.

From ([1](#Equ1){ref-type=""}) by $\documentclass[12pt]{minimal}
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                \begin{document}$\vert A_{p-M_{k}}^{-\alpha -1} \vert \leq 1$\end{document}$ we get that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{II}_{2}\leq 1. $$\end{document}$$ Moreover, by Lemma [3](#FPar7){ref-type="sec"} we have that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mathit{II}_{1}&\leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{M_{k}-1}A _{p-M_{k}+i}^{-\alpha -1}\bar{D}_{i} ( u ) \bar{D}_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k}} ( u ) \Biggl\vert \sum _{i=1}^{M_{k}-1}A_{p-M_{k}+i}^{-\alpha -1} \bar{D}_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k}} ( v ) \Biggl\vert \sum _{i=1}^{M_{k}-1}A_{p-M_{k}+i}^{-\alpha -1} \bar{D}_{i} ( u ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \Biggl\vert \sum_{i=1}^{M_{k}-1}A_{p-M_{k}+i}^{-\alpha -1} \Biggr\vert \int _{G_{m}^{2}}D_{M_{k}} ( u ) D_{M_{k}} ( v ) \,d\mu (u,v) \\ &:=\mathit{II}_{11}+\mathit{II}_{12}+\mathit{II}_{13}+ \mathit{II}_{14}, \end{aligned}$$ \end{document}$$ where the first, second, third, and fourth terms on the right side of inequality ([14](#Equ14){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{II}_{12}$\end{document}$, $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{II}_{13}$\end{document}$, and $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathit{II}_{14}$\end{document}$ respectively.

From ([1](#Equ1){ref-type=""}) and ([4](#Equ4){ref-type=""}) it follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{II}_{14}\leq c ( \alpha ) \sum_{v=1}^{\infty }v^{- \alpha -1}< \infty . $$\end{document}$$

By Applying Abel's transformation, in view of Lemma [2](#FPar6){ref-type="sec"}, we have that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{II}_{11}&\leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{M _{k}-2}A_{p-M_{k}+i}^{-\alpha -2} \sum_{l=1}^{i}\bar{D}_{l} ( u ) \bar{D}_{l} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}} \Biggl\vert A_{p-1}^{-\alpha -1}\sum _{i=1}^{M_{k}-1}\bar{D}_{i} ( u ) \bar{D}_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\leq c ( \alpha ) \Biggl\{ \sum_{v=1}^{M_{k}-2} ( p-M_{k}+i ) ^{-\alpha -2}i+ ( p-1 ) ^{-\alpha -1}M_{k} \Biggr\} \\ &\leq c ( \alpha ) \Biggl\{ \sum_{i=1}^{\infty }i^{- \alpha -1}+M_{k}^{-\alpha } \Biggr\} < \infty . \end{aligned} $$\end{document}$$

The estimation of $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$\mathit{II}_{13}$\end{document}$ are analogous to the estimation of $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$\mathit{II}_{11}$\end{document}$. Applying Abel's transformation, in view of Lemma [1](#FPar5){ref-type="sec"}, we find that $$\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \begin{aligned}[b] \mathit{II}_{12}&\leq \int _{G_{m}^{2}}D_{M_{k}} ( u ) \Biggl\vert \sum _{i=1}^{M_{k}-2}A_{p-M_{k}+i}^{-\alpha -2}\sum _{l=1} ^{i}\bar{D}_{l} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k}} ( u ) \Biggl\vert A_{p-1} ^{-\alpha -1}\sum_{i=1}^{M_{k}-1} \bar{D}_{i} ( v ) \Biggr\vert \,d \mu (u,v) \\ &\leq c ( \alpha ) \Biggl\{ \sum_{v=1}^{M_{k}-2} ( p-M_{k}+i ) ^{-\alpha -2}i+ ( p-1 ) ^{-\alpha -1}M_{k} \Biggr\} \\ &\leq c ( \alpha ) \Biggl\{ \sum_{i=1}^{\infty }i^{- \alpha -1}+M_{k}^{-\alpha } \Biggr\} < \infty \end{aligned} $$\end{document}$$ and $$\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \mathit{III}_{12}&\leq \int _{G_{m}^{2}}D_{M_{k}} ( v ) \Biggl\vert \sum _{i=1}^{M_{k}-2}A_{p-M_{k}+i}^{-\alpha -2}\sum _{l=1} ^{i}\bar{D}_{l} ( u ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k}} ( v ) \Biggl\vert A_{p-1} ^{-\alpha -1}\sum_{i=1}^{M_{k}-1} \bar{D}_{i} ( u ) \Biggr\vert \,d \mu (u,v) \\ &\leq c ( \alpha ) \Biggl\{ \sum_{v=1}^{M_{k}-2} ( p-M_{k}+i ) ^{-\alpha -2}i+ ( p-1 ) ^{-\alpha -1}M_{k} \Biggr\} \\ &\leq c ( \alpha ) \Biggl\{ \sum_{i=1}^{\infty }i^{- \alpha -1}+M_{k}^{-\alpha } \Biggr\} < \infty . \end{aligned}$$ \end{document}$$

The proof is complete by combining ([12](#Equ12){ref-type=""})--([18](#Equ18){ref-type=""}). □

Proof of Lemma [5](#FPar9){ref-type="sec"} {#FPar13}
------------------------------------------

Let $$\documentclass[12pt]{minimal}
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                \begin{document}$$ n=n_{k_{1}}M_{k_{1}}+\cdots+n_{k_{s}}M_{k_{s}}, \quad k_{1}>\cdots >k_{s} \geq 0. $$\end{document}$$
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                \begin{document}$$ n^{ ( i ) }=n_{k_{i}}M_{k_{i}}+\cdots +n_{k_{s}}M_{k_{s}}, \quad i=1,2,\ldots,s. $$\end{document}$$

Since (see \[[@CR20]\]) $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ D_{j+n_{A}M_{A}}=D_{n_{A}M_{A}}+\psi _{n_{A}M_{A}}D_{j}, $$\end{document}$$ we find that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{III}&\leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{n_{k_{1}}M _{k_{1}}}A_{n-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{n^{ ( 2 ) }}A_{n^{ ( 2 ) }-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{n_{k_{1}}M_{k_{1}}} ( u ) D_{n _{k_{1}}M_{k_{1}}} ( v ) \Biggl\vert \sum_{i=1}^{n^{ ( 2 ) }}A_{n^{ ( 2 ) }-i}^{-\alpha -1} \Biggr\vert \,d \mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{n_{k_{1}}M_{k_{1}}} ( u ) \Biggl\vert \sum _{i=1}^{n^{ ( 2 ) }}A_{n^{ ( 2 ) }-i}^{- \alpha -1}D_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{n_{k_{1}}M_{k_{1}}} ( v ) \Biggl\vert \sum _{i=1}^{n^{ ( 2 ) }}A_{n^{ ( 2 ) }-i}^{- \alpha -1}D_{i} ( u ) \Biggr\vert \,d\mu (u,v) \\ &:=\mathit{III}_{1}+\mathit{III}_{2}+\mathit{III}_{3}+ \mathit{III}_{4}+\mathit{III}_{5}, \end{aligned} $$\end{document}$$ where the first, second, third, fourth, and fifth terms on the right side of inequality ([20](#Equ20){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{III}_{5}$\end{document}$, respectively.

By ([1](#Equ1){ref-type=""}) we have that $$\documentclass[12pt]{minimal}
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Moreover, since (see \[[@CR24]\]) $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Biggl\vert \sum_{i=1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) \Biggr\vert =O \bigl( \vert u \vert ^{\alpha -1} \bigr) , $$\end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{III}_{4}&\leq \int _{G_{m}^{2}}D_{n_{k_{1}}M_{k_{1}}} ( u ) \vert v \vert ^{\alpha -1}\,d\mu (u,v) \\ &\leq \int _{G_{m}} \vert v \vert ^{\alpha -1}\,d\mu ( v ) = \frac{1}{ \alpha }< \infty . \end{aligned} $$\end{document}$$

Analogously, we find that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{III}_{5}&\leq \int _{G_{m}^{2}}D_{n_{k_{1}}M_{k_{1}}} ( v ) \vert u \vert ^{\alpha -1}\,d\mu (u,v) \\ &\leq \int _{G_{m}} \vert u \vert ^{\alpha -1}\,d\mu ( v ) = \frac{1}{ \alpha }< \infty . \end{aligned} $$\end{document}$$
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                \begin{document}$$ D_{j+rM_{A}}= \Biggl( \sum_{q=0}^{r-1} \psi _{M_{A}}^{q} \Biggr) D _{M_{A}}+\psi _{M_{A}}^{r}D_{j}. $$\end{document}$$

Thus we have $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \int _{G_{m}^{2}}\sum_{i=1}^{n_{k_{1}}M_{k_{1}}-1}A_{n-i} ^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \,d\mu (u,v) \\ \quad \leq \int _{G_{m}^{2}}\sum_{r=0}^{n_{k_{1}}-1} \sum_{i=0}^{M_{k_{1}}-1}A_{n-i-rM_{k_{1}}}^{-\alpha -1}D_{i+rM_{k _{1}}} ( u ) D_{i+rM_{k_{1}}} ( v ) \,d\mu (u,v) \\ \quad \leq \int _{G_{m}^{2}}\sum_{r=0}^{n_{k_{1}}-1} \sum_{i=0}^{M_{k_{1}}-1}A_{n-i-rM_{k_{1}}}^{-\alpha -1} \Biggl( \sum_{q=0}^{r-1}\psi _{M_{k_{1}}}^{q} \Biggr) D_{M_{k_{1}}} ( u ) \\ \qquad {}\times \Biggl( \sum_{q=0}^{r-1} \psi _{M_{k_{1}}}^{q} \Biggr) D _{M_{k_{1}}} ( v ) \,d\mu (u,v) \\ \qquad {}+ \int _{G_{m}^{2}}\sum_{r=0}^{n_{k_{1}}-1} \sum_{i=0}^{M_{k_{1}}-1}A_{n-i-rM_{k_{1}}}^{-\alpha -1} \Biggl( \sum_{q=0}^{r-1}\psi _{M_{k_{1}}}^{q} \Biggr) D_{M_{k_{1}}} ( u ) \psi _{M_{A}}^{r}D_{i} ( v ) \,d\mu (u,v) \\ \qquad {}+ \int _{G_{m}^{2}}\sum_{r=0}^{n_{k_{1}}-1} \sum_{i=0}^{M_{k_{1}}-1}A_{n-i-rM_{k_{1}}}^{-\alpha -1} \psi _{M_{A}}^{r}D _{i} ( u ) \Biggl( \sum _{q=0}^{r-1}\psi _{M_{k_{1}}} ^{q} \Biggr) D_{M_{k_{1}}} ( v ) \,d\mu (u,v) \\ \qquad {}+ \int _{G_{m}^{2}}\sum_{r=0}^{n_{k_{1}}-1} \sum_{i=0}^{M_{k_{1}}-1}A_{n-i-rM_{k_{1}}}^{-\alpha -1} \psi _{M_{A}}^{r}D _{i} ( u ) \psi _{M_{A}}^{r}D_{i} ( v ) \,d\mu (u,v). \end{gathered} $$\end{document}$$

On the other hand, by ([1](#Equ1){ref-type=""}) and ([4](#Equ4){ref-type=""}) we obtain that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \int _{G_{m}^{2}}A_{n-n_{k_{1}}M_{k_{1}}}^{-\alpha -1}D_{n_{k _{1}}M_{k_{1}}} ( u ) D_{n_{k_{1}}M_{k_{1}}} ( v ) \,d \mu (u,v)\leq c ( \alpha ). $$\end{document}$$
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                \begin{document}$$ \begin{aligned}[b] \mathit{III}_{1}&\leq \int _{G_{m}^{2}}D_{M_{k_{1}}} ( u ) D_{M _{k_{1}}} ( v ) \Biggl\vert \sum_{r=0}^{n_{k_{1}}-1} \sum _{i=1}^{M_{k_{1}}}A_{n-i-rM_{k_{1}}}^{-\alpha -1} \Biggr\vert \,d \mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k_{1}}} ( u ) \Biggl\vert \sum _{r=0}^{n_{k_{1}}-1}\sum_{i=1}^{M_{k_{1}}}A_{n-i-rM_{k _{1}}}^{-\alpha -1}D_{i} ( v ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}}D_{M_{k_{1}}} ( v ) \Biggl\vert \sum _{r=0}^{n_{k_{1}}-1}\sum_{i=1}^{M_{k_{1}}}A_{n-i-rM_{k _{1}}}^{-\alpha -1}D_{i} ( u ) \Biggr\vert \,d\mu (u,v) \\ &\quad {}+ \int _{G_{m}^{2}} \Biggl\vert \sum_{r=0}^{n_{k_{1}}-1} \sum_{i=1}^{M_{k_{1}}}A_{n-i-rM_{k_{1}}}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d\mu (u,v)+c ( \alpha ) \\ &:=\mathit{III}_{11}+\mathit{III}_{12}+ \mathit{III}_{13}+\mathit{III}_{14}+c ( \alpha ) , \end{aligned} $$\end{document}$$ where the first, second, third, and fourth terms on the right side of inequality ([25](#Equ25){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{III}_{14}$\end{document}$, respectively.

From Lemma [4](#FPar8){ref-type="sec"} we have that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{III}_{11}\leq c ( \alpha ) . $$\end{document}$$
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                \begin{document}$\mathit{III}_{13}$\end{document}$ is analogous to that of $\documentclass[12pt]{minimal}
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After substituting ([21](#Equ21){ref-type=""}) and ([23](#Equ23){ref-type=""})--([29](#Equ29){ref-type=""}) into ([20](#Equ20){ref-type=""}), we conclude that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered} \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{n}A_{n-i}^{- \alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d \mu (u,v) \\ \quad \leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{n^{ ( 2 ) }}A_{n^{ ( 2 ) }-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d\mu (u,v)+c ( \alpha ) \\ \quad \leq \cdots\leq \int _{G_{m}^{2}} \Biggl\vert \sum_{i=1}^{n ^{ ( s ) }}A_{n^{ ( s ) }-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \Biggr\vert \,d\mu (u,v)+c ( \alpha ) s \\ \quad \leq c ( \alpha ) +c ( \alpha ) s\leq c ( \alpha ) \log n. \end{gathered} $$\end{document}$$

The proof is complete. □

Now we are ready to prove the main results.

Proof of Theorem [1](#FPar3){ref-type="sec"} {#FPar14}
--------------------------------------------

It is evident that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered}[b] \bigl\Vert \sigma _{M_{k}}^{-\alpha } ( f ) -f \bigr\Vert _{p} \\ \quad \leq \frac{1}{A_{M_{k}-1}^{-\alpha }} \Biggl\Vert \int _{G_{m} ^{2}}\sum_{i=1}^{M_{k-1}}A_{M_{k}-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ \qquad {}+\frac{1}{A_{M_{k}-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k-1}+1}^{M_{k}}A_{M_{k}-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ \quad :=I+\mathit{II}. \end{gathered} $$\end{document}$$

From Lemma [5](#FPar9){ref-type="sec"} it follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ I\leq c ( \alpha ) \sum_{r=0}^{k-2} \frac{M_{r}}{M _{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) . $$\end{document}$$

Moreover, for *II*, we have the estimate $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{II}&\leq \frac{1}{A_{M_{k}-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}}\sum_{i=M_{k-1}+1}^{M_{k}}A_{M_{k}-i}^{- \alpha -1}D_{i} ( u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -S_{M_{k-1}} ^{ ( 1 ) } ( \cdot -u,\cdot -v,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\quad {}+\frac{1}{A_{M_{k}-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k-1}+1}^{M_{k}}A_{M_{k}-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ S_{M_{k-1}}^{ ( 1 ) } ( \cdot -u, \cdot -v,f ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p}\\ &:=\mathit{II}_{1}+\mathit{II}_{2}, \end{aligned} $$\end{document}$$ where the first and second terms on the right side of inequality ([32](#Equ32){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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                \begin{document}$\mathit{II}_{2}$\end{document}$, respectively.

In view of the generalized Minkowski inequality, by ([4](#Equ4){ref-type=""}) and Lemma [5](#FPar9){ref-type="sec"} we get that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{aligned}[b] \mathit{II}_{1}&\leq \frac{1}{A_{M_{k}-1}^{-\alpha }} \int _{G_{m}^{2}} \Biggl\vert \sum_{i=M_{k-1}+1}^{M_{k}}A_{M_{k}-i}^{-\alpha -1}D _{i} ( u ) D_{i} ( v ) \Biggr\vert \\ &\quad {}\times \bigl\Vert f ( \cdot -u,\cdot -v ) -S_{M_{k-1}}^{ ( 1 ) } ( \cdot -u,\cdot -v,f ) \bigr\Vert _{p}\,d \mu (u,v) \\ &\leq c ( \alpha ) M_{k}^{\alpha }\omega _{1} ( f,1/M_{k-1} ) _{p}. \end{aligned} $$\end{document}$$
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                \begin{document}$\mathit{II}_{1}$\end{document}$, and we find that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{II}_{2}\leq c ( \alpha ) M_{k}^{\alpha }\omega _{2} ( f,1/M _{k-1} ) _{p}. $$\end{document}$$

Combining ([30](#Equ30){ref-type=""})--([34](#Equ34){ref-type=""}), we obtain the proof of Theorem [1](#FPar3){ref-type="sec"}. □

Proof of Theorem [2](#FPar4){ref-type="sec"} {#FPar15}
--------------------------------------------

It is evident that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \begin{gathered}[b] \bigl\Vert \sigma _{n}^{-\alpha } ( f ) -f \bigr\Vert _{p} \\ \quad \leq \frac{1}{A_{n-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=1}^{M_{k-1}}A_{n-i}^{-\alpha -1}D_{i} ( u ) D _{i} ( v ) \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ \qquad {}+\frac{1}{A_{n-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k-1}+1}^{M_{k}}A_{n-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ \qquad {}+\frac{1}{A_{n-1}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k}+1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) D _{i} ( v ) \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ \quad :=I+\mathit{II}+\mathit{III}, \end{gathered} $$\end{document}$$ where the first, second, and third terms on the right side of inequality ([35](#Equ35){ref-type=""}) are denoted by *I*, *II*, and *III*, respectively.

From Lemma [4](#FPar8){ref-type="sec"} it follows that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ I\leq c ( \alpha ) \sum_{r=0}^{k-2} \frac{M_{r}}{M _{k}} \bigl( \omega _{1} ( f,1/M_{r} ) _{p}+\omega _{2} ( f,1/M _{r} ) _{p} \bigr) . $$\end{document}$$

Next, we repeat the arguments just in the same way as in the proof of Theorem [1](#FPar3){ref-type="sec"} and find that $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \mathit{II}\leq c ( \alpha ) M_{k}^{\alpha } \bigl( \omega _{1} ( f,1/M_{k-1} ) _{p}+\omega _{2} ( f,1/M_{k-1} ) _{p} \bigr) . $$\end{document}$$

On the other hand, for III, we have $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \mathit{III}&\leq \frac{1}{A_{n-1}^{-\alpha }} \Biggl\Vert \int _{G_{m} ^{2}}\sum_{i=M_{k}+1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) D_{i} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -f ( \cdot ,\cdot ) \bigr] \Biggr\Vert _{p}\,d\mu (u,v) \\ &\leq \frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k}+1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) D _{i} ( v ) \\ &\quad {}\times \bigl[ f ( \cdot -u,\cdot -v ) -S_{M_{k},M_{k}} ( \cdot -u,\cdot -v,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\leq \frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k}+1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) D _{i} ( v ) \\ &\quad {}\times \bigl[ S_{M_{k},M_{k}} ( \cdot -u,\cdot -v,f ) -S_{M_{k},M_{k}} ( \cdot ,\cdot ,f ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &\leq \frac{1}{A_{n}^{-\alpha }} \Biggl\Vert \int _{G_{m}^{2}} \sum_{i=M_{k}+1}^{n}A_{n-i}^{-\alpha -1}D_{i} ( u ) D _{i} ( v ) \\ &\quad {}\times \bigl[ S_{M_{k},M_{k}} ( \cdot ,\cdot ,f ) -f ( \cdot ,\cdot ) \bigr] \,d\mu (u,v) \Biggr\Vert _{p} \\ &:= \mathit{III}_{1}+\mathit{III}_{2}+\mathit{III}_{3}, \end{aligned}$$ \end{document}$$ where the first, second, and third terms on the right side of inequality ([38](#Equ38){ref-type=""}) are denoted by $\documentclass[12pt]{minimal}
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By the generalized Minkowski inequality and Lemma [5](#FPar9){ref-type="sec"}, for $\documentclass[12pt]{minimal}
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After substituting ([36](#Equ36){ref-type=""})--([37](#Equ37){ref-type=""}) and ([41](#Equ41){ref-type=""}) into ([35](#Equ35){ref-type=""}), we obtain the proof of Theorem [2](#FPar4){ref-type="sec"}. □
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